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An Introduction to Stellarators (arXiv :1908.05360)
From magnetic fields to symmetries and optimization

» Self-contained and introductory
» Scope : challenges in stellarator design

» Goal : Stimulate cross-disciplinary collaboration

Today

» The magnetic differential equation

> Related singularities & interpretation



REMINDERS



Fundamental simplifying assumption

» Existence of toroidal nested flux surfaces

» Flux labels and flux coordinates

Magnetic coordinates
» V-B=0

> B ((s,0, 0= [V X VU] (r(p,0,4)) —(¥)[VY X VQ|trw, 9, 4))

g 1/20,r —g—1/20yr
» Field lines are straight in magnetic coordinates



BOOZER COORDINATES



Magnetic coordinates : simplified covariant form
Equilibrium magnetic field

> Pressure profile p(v)) = Vp = dp(v)/dy Vi
» Momentum conservation J x B=Vp = J -V =0
> Ampere's law VX B = puod =V x B-Viy =0

» V X B in the contravairant basis, leveraging duality

aﬁH = Bﬁ + I(¢>SO)

O0,H = B, + G(v,9)
{ 0= /”[%Bq, — 94 Byl(vo, Do, ¢ )de’ = 896 =0

= Jo

27
0= [T10,8. — 0,By)(b0. V0, )40 = D1 =0
0

» OyB, —0,By =0 =3 H s.t. {

» *Define K := By, — 0y H
B (r(, 9, ¢)) VH (r(¢, 9, ¢))
)V i, G () s oy +K (1,0, )V e,

Boozer coordinates Choice of angles (98, ) to eliminate H

» B =1(¢)ViIg + G())Vpg + K(¢, 98, pp) V)



Covariant components in Boozer coordinates
» B=IVig+ GVyg + KV

Covariant components / and G

» Related to poloidal and toroidal currents

Equation for the radial covariant component K

> /8B = 0ppr + 1Oy,
» VBV x B = (I" =09, K)Opp¥ + (Opg K — G')Oy,¥

_ Opg K4109 g K—G' =il
= (VxB)xB= = Vi

MHD equilibrium + pressure profile p(v))
» (VX B)xB=puop'Vi
= OpgK + 109, K = G’ +uI' + \/gop’




Covariant components in Boozer coordinates
» B=IVig+ GVyg + KV
Covariant components / and G

» Related to poloidal and toroidal currents

Equation for the radial covariant component K
> /8B = 0y pr + 10y,r
> VBV X B = (I' = 9, K)Dpst + (Dps K — G')Dyg,r

Opp K+10y, K—G'—1I’
= (VxB)xB="=8 % Vi

MHD equilibrium + pressure profile p(1))
» (V xB) x B=pup' Vi)
= 8SOBK(¢7 1937 SDB) + L(w)aﬂBK(z/}? 7957 QOB)

= G'(¥) + (V)" (Y) + novE(, I8, ¢8)P (V)




Magnetic vs Boozer coordinates

Magnetic Boozer
V-B=0 V-B=0
J-Viy=0
B =Vy x Vi B =Viy x Vig
—U )V x Vg ~ )V x Vg
B = By(, 0, 0)VV + Bo(4,0,0)Ve | B=1(4)VIs+ G(¢)Vep
+By (¢, 7, 0) Ve + K(¢, 98, 08) VY

G(Y) = polp(v)/2m
1(¥) = polr(¥)/2m

Jacobian

Bﬂa(dja J, 90) + L(¢)Bﬁ(¢a 19, 90) G(w) + LW)/W)
B2(¢,’L9,(p) 32(71)7193’908)




THE MAGNETIC
DIFFERENTIAL EQUATION

a<,DB K(T/% 1937 SOB) + L(w)aﬂg K(wu 1937 <PB)

= G'(¢) + ()" (¥) + pov/e(¥, 98, v8)P (1)
(98, ¢8) € [0,27]?



DIFFERENTIAL OPERATOR

&
EXISTENCE OF SOLUTIONS



Differential operator in the two-dimensional setting |

> D := 0, + 10y, with ¢ =const.

Integral on the doubly periodic domain

» Periodic function u of two variables :

2w 27
. / Dpp (U, 08) dIpdys
o Jo
27
— / u(¥g,2m) — u(v¥g,0) ddg = 0 by periodicity
0
2r 27
> / dpzu(Vs, pB) dVsdes
0o Jo

27
= / u(2m, o) — u(0, pg) dpg = 0 by periodicity
0

2w 2w
= / Du(’l93, QOB) dl?BdQOB =0
0 0



About existence of solutions to the MDE |
» D := 0, + 1Oy, with ¢ =const.
Integral on the doubly periodic domain

» Periodic function u of two variables :

2 27
> / Du(ﬁB,ng) dﬁBdch =0
0 0

Integral of the MDE

» Periodic solution K

oK

0K
L@WBAOB) + &TBWBWB) = F(YB, ¥B)

» Necessary condition for existence of doubly-periodic solutions

2w 27
/ / F(YB,¢p)dipdps =0
o Jo




Differential operator in the two-dimensional setting Il
» D := 0, + 1Oy, with ¢ =const.

Derivative along any curve s — (¢p(s), Vp(s))

» Function u of two variables : s +— u(pp(s),Ip(s))
L Lulop(s), 9p(5))]
ou ou
= w’p(S)&TB(sOP(S), Ip(s)) + ﬁ%(S)@(W(SL Up(s))
= (g + 0pl5) - ) ulion(s) 0p(5)
Along a particular type of curve

» Assume ¢p(s) =1 and ¥p(s) =1

% [U(QOP(S), 19P(5))] = DU(QOP(S)7 0P(5))

» Characteristic curves



Characteristic curves

{ SOCD(S) =, (B axis

Ip(s) = 1,

Define C,
pp(s) = s, \
Up(s) =s+a, =

» Straight lines in
the (¢g,Yg)-plane

PDE reduction to an ODE along each characteristic

(8903 + LaﬁB)K(SOBﬂ?B) = F(g03,193)

N % [K(2p(s), 0p(s))] = F(op(s), 0p(s))

g axis



Characteristic curves
SO{D(S) =,
p(s) = L,
Define C,
op(s) =1s,
Up(s) =s+a,
» Straight lines in
the (¢g,Yg)-plane

> Just like magnetic
field lines

(B axis

g axis

PDE reduction to an ODE along each characteristic

(8903 + LaﬁB)K(SOBﬂ?B) = F(SOBaﬁB)

N % [K(2p(s), 0p(s))] = F(op(s), 0p(s))



Characteristics and doubly periodic setting
Given F periodic, we search for K periodic such that :

Rational and irrational characteristics

9K
Y905

ﬁBa@B) +

dyp

(U8, ¢B) = F(V8, ¥B)

g axis g axis
s =3m s =22 6
27 =67 27 = s =67
/ s—ﬁﬁ/
s =2 s =21 s = 4m
5:4/7/
5 = 4 s = 4 s on s =21
(B axis - -
s=0 s =371 o7 s=0] s=272 27
t=2/3 t=1/m

Closed field lines . € Q

B axis

Infinite field lines « ¢ Q



About existence of solutions to the MDE Il : € Q
» D := 0, + 1Oy, with ¢ =const.

wp(s) =ts

» Any closed charateristic C, : Vs € [0, sp], { Ip(s) = s+«
P =

Integral along any closed characteristic
» Periodic function u of two variables
Sp SD d
> [ Dulwe(s)pp(s)) ds = [ 5 lulee(s). 0e(s))] ds =0
0 0
Integral of the MDE along closed characteristics

» Periodic solution K

oK

oK
1=—(VB,p8) + 5— (U8, v8) = F(IB, ¥B)
Vg

dyp

» Necessary condition for existence of doubly-periodic solutions

/0 " F0p(s), op(s)) ds =0 VC,




A comment on the rational case
Periodic solutions along closed characteristics ¢ =* % cQ

» Change of variable sp = 27D

[0,27D] x [0,27/N) — [0,2n]?
(s, ) = (9p(s), pp(s)) = (15,5 + )

2w 2w
/ / F(eg,98)deg dig
0

0 27 /N 2D
:L/ (/ F(Ls,s+a)ds) da
0 0

. /OSD F(9p(s), op(s)) ds = 0, Va

27 27
:>/ / F(¥B,vB) dipdps =0
o Jo



About existence of solutions to the MDE Il + ¢ Q
» D := 0, + 1Oy, with ¢ =const.

op(s) =1ts

» Any infinite charateristic C,, : Vs € R, { Ip(s) = s+ a

Integral along any open characteristic

» Periodic function u of two variables

> [ Dulde(s)ea(s) ds = | 5 lulee(s). Do) ds

g axis

s = 27

s =4 So what if 1 ¢ Q7

/-/
s=4r
s =21

s=0] s=2r 27

pp axis




Summary of necessary conditions
for existence of periodic solutions

The Magnetic Differential Equation

oK oK
L%(ﬁ& ©B) + @(193, v) = F(¥B, ¢B)

Doubly-periodic solutions

> L¢Q

27 27
> / / F(YB,¢p)dipdpps =0
o Jo

Periodic solutions along closed characteristics

» 1 € Q & closed characteristics

. /0 " F(9p(s), op(s)) ds = 0, VCa




CONSTRUCTION OF
SOLUTIONS



Fourier context

oK oK
L@(ﬁsws) + @(193,903) = F(9B,¥B)

> Assuming F is doubly-periodic and square integrable

» Fourier expansion

F(9g,¢8) = Z bmnel (myg— nsoB)
(m,n)ez?

» Seek the solution K as a Fourier series

K(ﬁBa ()DB) =K+ Z am,nei(mﬁB_mpB)-
(m,n)ez2\{(0,0)}

Interpretation of the necessary condition ?



Necessary condition in the Fourier context ¢« ¢ Q
» Fourier expansion of the doubly-periodic right hand side F

F(¥8,vB) = Z b pe’(miE=nE)
(m,n)€Z?

Doubly-periodic solutions

27 27
/ / F(Yg,¢B) dipdep
o Jo

2m 27 )
= > bmn / e™8 dig / e "8 dpp
0

=27(m) =2nd(n)

27 27
> / / F(Y8,vB)dipdyp =0« byo =0
o Jo



Necessary condition in the Fourier context + € Q

» Fourier expansion of the doubly-periodic right hand side F

(1957()03 Z bmne’(mﬁs ”903)
(m,n)€Z?

Periodic solutions along closed characteristics

SD 27D . i
/ F(ts,s+a)ds = Z bm.n / ellm=n)s gs | e=ine
0 (m.mez? 0

2xD§(n—uem)

sp
/ FWp(s).op(s) ds =0, VC,
0

& b = 0Y(m,n) € Z? such that me = n



Summary of necessary conditions - Fourier context

The Magnetic Differential Equation

8K
819

Doubly-periodic solutions ¢ ¢ Q

oK
(ﬁB,WB)JF Don (U8, v8) = F(VB,¢B)

27 27
/ / F(¥8,vB)dipdyp =0« byo =0
o Jo

Periodic solutions along closed characteristics ¢ € Q

D
/ F(9p(s), 9p(s)) ds = 0,YC < bmn = 0Y(m, n) € Z2 s.t. mi = n
0

Single statement ?



Summary of necessary conditions - Fourier context

The Magnetic Differential Equation

8K
819

Doubly-periodic solutions ¢ ¢ Q

oK
(ﬁB,WB)JF Don (U8, v8) = F(VB,¢B)

27 27
/ / F(¥8,vB)dipdyp =0« byo =0
o Jo

Periodic solutions along closed characteristics ¢ € Q

D
/ F(9p(s), 9p(s)) ds = 0,YC < bmn = 0Y(m, n) € Z2 s.t. mi = n
0

Single statement? |b,,, =0V(m,n) € Z> st. m.=n

)




Towards a Fourier solution - Assuming convergence

K(Vg,8) = K + Z am7nei(m19s—nsos)
(m,n)€Z2\{(0,0)}
Dpe K(VB, vB) + 109, K(VB, pB) =
Z i(—n+ tm)ap, ,e'(mie=nve)
(m,n)€z2\{(0,0)}

Ops K (g, v8) + 10y, K(Vs, v8) = F(U8, v8)

& Z i(—ntim)am ne’mie—nee) — Z bm ne(MVB—ne8)
(m,n)€Z2\{(0,0)} (m,n)€Z?

& amni(tm — n) = by, Y(m, n) € Z?

Comments ?



Towards a Fourier solution - Assuming convergence
K(Vg,pg) = K+ Z am./,,e"(mﬁB_”*”B)
(m,n)€Z>\{(0,0)}
95 K(VB, pB) + 109, K (V8 pB) =
Z i(—n+ tm)ap, ,e'(mie=nve)
(m,n)€Z>\{(0,0)}

Ops K (g, v8) + 10y, K(Vs, v8) = F(U8, v8)

& Z i(—ntim)am ne’mie—nee) — Z bm ne(MVB—ne8)
(m,n)€Z2\{(0,0)} (m,n)€Z?

& amni(tm — n) = by, Y(m, n) € Z?

Comments ?

> V(m,n) € Z% st. mu = n, apmi(tm—n) =0

» Y(m,n) € Z% s.t. m.= n, bm.n? amn?



A general Fourier solution

ampi(tm — n) = by, ¥(m,n) € Z?

Under the condition ¥(m, n) € Z? s.t. m. = n, by, , =0

» V(m,n) € Z? st. m.=n, a,,, is free

A general solution

.bm n i(myg—n
KUQB? ()OB) =K+ Z (nl_;m + Amné(n — Lm)) e (mIg—nyp)
(m,n)#(0,0)
» Convergence

» Numerical approximation

Interpretation of A, ,s in terms of characteristics



S = {(m,n) € 7%, (m, n) # (0,0)}

= N ational irational
L= D rationa L Irrationa
X1>X2) Z bm ne' (mxa=me)
(m,n)eS
bmn=0V(m,n) € Z?st. n=1m bo,o =0
K K
Am n 2 - 2
{Buma (m,n) € 22\{(0,0)},0 =~ }
uba, o) =K u(x1,%0)
+ Z Amnd(n — vm)el(ma—me) —K
(m,n)eS
i Z Ibm,n ei(mxl_”)Q) + Z — Lm i(mxy—nxy)
(mmeS n—um (m,n)eS




A general Fourier solution and singularities

ib ;
— m,n _ i(mdg—nypg)
K(Ys,pB) = K+ E <n — ot Apmpd(n Lm)> e'\mvB= e
(m,n)#(0,0)

So-called singularities

» "1/x" singularity
V(m, n) € Z? such that . = n/m, by, =0
< (non) existence
> "9" singularity
free parameters {Ap, , (m, n) € Z2,1. = n/m}
<> (non) uniqueness
Comments ?

» 4 rational

> ¢ irrational



The "1/x" singularity

ib ;
m,n _ i(myg—nypg)
K(¥g,pB) = K+ E <n — ot Appd(n Lm)> e"\mvBTNeE
(m,n)#(0,0)

F(Us,08) = G' + uI' + jo/g8(V8, ¢8)p’

> \/E(ﬁ& SOB) =c+ Z Cm?nei(mﬂs—mps)
(m,n)#(0,0)
> boo = G'+ul' + pocp’ & bm,n = pop’ cim,n

"1/x" singularity
» V(m, n) € Z? such that ¢ = n/m, by, =0
& V(m, n) € Z? such that t = n/m, p'cmpn =0

> p plasma pressure

Back to the 3D setting
F(wv 1957 SOB) = G/(¢) + L(¢)Il(¢) + MO\/§(¢7 198) SOB)P/(¢)



THE 3D PERSPECTIVE®
& SINGULARITIES

Ope K(1, 98, 0B) + (V)09 K(1), VB, vB)

= 1o(v/8 (v, 98, ¢8) — ()P ()



MDE for the radial covariant comp. of the magnetic field

The rotational transform ¢ is a flux function

K(,98,¢B) :@

3 inop (V) > e
n—()m"™" A (1) 6(n — o1 B—nps
+(mn)¢ oo)(”—’/@/))mc A(0) F Bmn(0) 0(n = o(w0)m) ) €

Singularities at rational flux surfaces ((¢)) € Q

"1/x" singularity - p plasma pressure

» V(m, n) € Z? such that «(v)) = n/m, p'())cmn(¢) =0
» If p’(xp) = 0 for all ¢ such that ¢(¢)) is rational
then the condition is satisfied

"§" singularity
» free parameters {A, ,(1), (m, n) € Z2, (1)) = n/m}



MDE for the parallel current density

For comparison

K(¢7 Vg, QOB) + L(¢)aﬂ3 K(i/% 9B, QOB)

= no(V&(¥, 98, pB) — c())p' (V)
MDE for the parallel current density

o (4) v (4) - -ore 25

Physical current Ip = [ J - Ad*x

> 4" singularity
Current sheet on rational surfaces = physical ¢/
» "1/x" singularity
Pfirsch-Schluter current = non-physical (infinite /p)X



MDE for the parallel current density

For comparison

K(’(ﬁ, Vg, QOB) + L(¢)8193 K(i/% 9B, SOB)

= no(V&(¥, 98, pB) — c())p' (V)
MDE for the parallel current density

o (4) v (4) - -ore 25

Physical current Ip = [ J - Ad*x

» "§" singularity related to non-uniqueness
Current sheet on rational surfaces = physical ¢/

» "1/x" singularity related to non-existence
Pfirsch-Schluter current = non-physical (infinite /p)X




To satisfy the existence condition

0 Assumption on the geometry of the field (g)

X Assumption on the pressure profile

Constant pressure

| 2 p/(”[j)) = 0, Vp = 0

> Limited physical interest
Piece-wise constant profile

» Finite number of interface supporting pressure jumps

» Separating regions of constant pressure

Fractal profile

» (Hudson '17) Theory and discretization



More or less assumptions

Existence condition

» Necessary condition for the existence of solutions
» Condition on the right hand side of the PDE

O Assumption on the geometry of the field (g)
0O Assumption on the pressure profile

Non-existence of solutions

» Back to the derivation of the PDE
O Assumption of existence of toroidal nested flux surfaces

> Interpretation of current singularities at rational surfaces
» Allowing magnetic islands

O Finite number of nested flux surfaces
MRxMHD model, SPEC code
O No assumption on flux surfaces



Thank you.

Last closed magnetic surface of the W7-X configuration

Electromagnetic coil shapes for one field period of the device



