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Furth, Killeen, and Rosenbluth (1963)
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Spontaneous magnetic reconnection as the result of tearing
fluctuations
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Magnetic reconnection

if η = 0

B0

K . B =0
z

r

V

dB
dt

= ∇× (V× B)

Ṽr = γB̃r/(k · B) ===> B̃r = 0
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Magnetic reconnection occurs at finite resistivity
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K . B =0 resonant
  surfaceZ

magnetic diffusion equation:

dB
dt

= ∇× (V× B)− η

µ0
∇2B

B̃r (r, t) ∼ B̃r (r)exp(ikzz − iωt)
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Helical magnetic field in tori

B

   θ

ϕ

R

B = Bθθ̂ + Bφφ̂

Consider perturbations:
Ṽ , B̃ ∼ eik ·r ∼ ei(mθ−nφ/R)

periodic in φ and θ

Resonant surfaces where
k ·B = mBθ/r −nBφ/R = 0
q = rBφ/RBθ = m/n
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Classical tearing mode growth rate scales with a negative power
of S.

Dimensionless equation

dB
dt

= S∇× (V× B)− η∇2B

measure of plasma resistivity, Lundquist number S = τR/τA

τR = µ0a2/η τA = a/(B2/(µ0ρ)1/2)

Growth rate is a hybrid between resistive and Alfven times:

τgrowth ∼ τ
−3/5
R τ

−2/5
A , γτA ∝ S−3/5∆′4/5(ka)2/5

a= is a measure of the thickness of the current layer. [FKR]
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What is ∆′?

∆′ = (B′r |+rs − B′r |−rs)/Br |rs is the jump in the logarithmic
derivative of Br across the resistive layer.
For tearing mode to be unstable, ∆′ > 0
∆′ is a measure of the magnetic energy to be gained by
the perturbed magnetic field at the resonant surface.
Can be calculated from the unstable eigenfunction (Br)
obtained in linear simulations.
Can be also directly calculated from the outer solution
(ideal solution in the absence of resistivity).
Outer solution is given in FKR (eq.16,17 in the limit of
S− >∞)
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Stability parameter is calculated from the outer
solution

ψ′′ − [(ka)2 + F ′′/F ]ψ = 0 (FKR Eq.20)

where ψ = B̃r/B

For a slab Harris sheet
equilibrium B = B0tanh(x/a)ŷ
F = k · B/kB0 = tanh(x/a),

∆′ can be calculated from
above

∆′ = 2[1/(ka)− (ka)]

x	a
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Solutions for a general tearing mode case in
cylindrical geometry

For a general case, a force free case,

∇× B = λB

where λ = J · B/B2

a	

Is this unstable?

Can calculate ∆′ from
the outer solutions
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The linearized outer solutions are obtained from
Newcomb equation (force free)

From the linearized, ideal-MHD force balance equation,

(r B̃r )′′ + f/r(r B̃r )′ − g(r B̃r ) = 0

f = (m2 − k2
z r2)/(m2 + k2

z r2)

g = m2/r2 + k2
z − λ2 + 2mkzλ/(m2 + k2

z r2) + λ′G/F
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B̃|| = i

[
Fr(r B̃r )′ − rGλ(r B̃r )

B(m2 + k2
z r2)

]

F = mBθ/r − kzBz
G = mBz/r + kzBθ

B̃r solved numerically for a given λ = J · B/B2
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Single tearing mode becomes unstable.
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Puncture plot shows
islands formation for a
single tearing mode
with particular m,n
resonant at r/a=0.5

Fatima Ebrahimi Magnetic fields - dynamo and reconnection 13



How do we know it is a classical tearing mode?

Has to follow the FKR S scaling.
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Most of the reconnection physics in fusion plasmas have been
so far based on the classical tearing modes or neoclassical
NTM.
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Reconnection physics plays an important role in the nonlinear
dynamics of many processes in laboratory plasmas

In toroidal fusion plasmas
magnetic reconnection is mainly
spontaneous as the result of
tearing fluctuations (FKR ’63).
Classical tearing only makes a
modest modification to the
global current density.

How about current sheets?
Are there reconnecting
coherent current-carrying
structures in fusion
plasmas?

What are the implications
of these structures for
different nonlinear
dynamics?

Under what conditions
could 2-D axisymmetric
plasmoids or 3-D filaments
be formed?
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Secondary islands (plasmoids) in tokamak-relevant studies

Secondary islands (plasmoids)
seen in reduced MHD
simulations during the nonlinear
evolution of the tearing instability
(at large ∆′) in slab geometry
[Loureiro et al. 2005], and during
the nonlinear growth of an
internal kink mode in cylindrical
geometry [Gunter et al. 2015]

Plasmoid instability in the current
sheet of the resistive kink mode

Biskamp 1987
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Plasmoid instability: tearing instability in a current sheet
Elongated current sheet can
become tearing unstable at high
S. [Biskamp 1986, Tajima & Shibata 1997]

The scaling properties of a
classical linear tearing changes,
as the current-sheet width scales
with S (γ ∼ S1/4).
Numerical development: [Shibata &

Tanuma 2001,Loureiro et al. 2007; Lapenta 2008; Daughton

et al. 2009,; Bhattacharjee et al. 2009, Cassak et al. (2009),

Huang et al. 2011,2013, Ebrahimi & Raman 2015, Uzdensky

& Loureiro (2016)] shows fast
reconnection.
Static linear theory does not
apply [Pucci & Velli (2014)] with a general
theory [Comisso et al. PoP 2016]

Shibata & Tanuma 2001
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Plasmoid instability gives rise to a hierarchy of
interacting current sheets and islands

[Shibata & Tanuma 2001] MHD Kinetic-MHD
[Ji & Daughton (2011)] [Bhattacharjee et al. 2009] [Daughton et al. (2011)]
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How could tearing mode in MHD model give rise to super
Alfvenic growth rates and fast reconnection ?

Both Sweet-Parker and FKR give slow reconnection and
negative scaling with S!
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Sweet-Parker model (1958)

VA	

Vin	

Bin	

Mass conservation
VinL ≈ Voutδ

Energy conservation
(acceleration along sheet)
Vout ≈ VA = Bin/

√
(µ0ρ)

matching ideal E outside the
layer with the resistive E in the
layer
VinBin ≈ ηJ → Vin ≈ η/µ0`
(using J ≈ Bin/µ0δ)

Vin/Vout = S−1/2 = δ/L
(S = µ0LVA/η)

Recon. Rate ∼ flux * Vin/δ ∼ BinδVAS−1/2

For solar flares, S ∼ 1014 theory predicts
==> τs−p ∼ 2 months

Flares only last min to an hour
==> Rate is too slow
Also see Zweibel & Yamada (2009)
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Sweet-Parker current-sheet scaling needs to be
incorporated in the classical tearing model

Let’s revisit FKR constant-ψ scaling
here we insert ∆′ for Harris sheet equilibrium

∆′ = 2[
1

(ka)
− (ka)]

into the FKR growth rate γτA ∝ S−3/5∆′4/5(ka)2/5

we obtain:
1- γτA ∝ S−3/5(ka)−2/5[1− (k2a2)]4/5 for ka >> S−1/4

also Coppi et al. (1976) obtained growth rate with weaker
dependency to S for the non-constant-ψ regime
2- γτA ∝ S−1/3(ka)2/3 for (ka << S−1/4)
The maximum growth rate from these branches (1) and (2) is

γmaxτA ∼ S−1/2 at (kmaxa ∼ S−1/4)
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Sweet-Parker current-sheet scaling needs to be
incorporated in the classical tearing model

Now a (current sheet width) must be replaced with the S-P
scaling a ∼ L/

√
(SL)

τA = a/VA ==> L/(
√

(SL)VA ==> 1/
√

SLτA

S = aVA/η ==> L/(
√

(SL)VA/η ==> S1/2
L

Replacing above into the maximum growth rate eq. gives:

γmaxτA ∼ S1/4
L at (kmaxL ∼ S3/8

L )
(Tajima & Shibata 1997 Plasma Astrophysics, Loureiro et al. 2007)

Here : τA = L/VA and SL = LVA/η
(L is the length of the current sheet)

Now the growth rate has a positive exponent S scaling
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Fast reconnection due to plasmoid instability

In the past several years nonlinear simulations have shown that
plasmoid-mediated reconnection is fast (independent of S)

For a Harris sheet equilibrium, within resistive MHD fast
reconnection has been shown to occur [Lapenta 2008],also in
resistive MHD, a reconnection rate ∼ 0.01VAB, nearly
independent of S has been obtained numerically [Bhattacharjee et

al. 2009; Huang & Bhattacharjee 2010;Loureiro et al. 2011 ]

Plasmoid can trigger even faster collisionless/Hall
reconnection if width of the secondary current sheets
become smaller than ion skin depth di or Larmor radius ρi
[Daughton et al. 2009; Shepherd & Cassak 2010; Huang et al. 2011]

Also in a tokamak: Fast reconnection rate (weakly dependent
on S) in resistive MHD in the presence of strong guide field has
been demonstrated. [Ebrahimi&Raman 2015]
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What is the practical implication of plasmoid-mediated
magnetic reconnection and generation of coherent
magnetic structures?
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Laboratory camera images show coherent 2-D plasmoids and
3-D filament structures
2-D plasmoids

Camera images from NSTX do show
the formation of plasmoids – cause
plasma startup formation
[Ebrahimi&Raman PRL 2015]
[Ebrahimi PoP 2016,2017]

3-D filaments

Coherent current-carrying
filament formation near the
plasma edge (ELMs) - could
damage PFC
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Magnetic reconnection in laboratory for current-drive?

In conventional tokamak plasma
current is generated inductively.

Utilize reconnection for
non-inductive current-drive?

Could plasma current be
produced by the process of
magnetic reconnection
through detachment of
magnetic loops during
helicity injection?

System-size plasmoid
formation to produce large
plasma current in a toroidal
fusion device. [Ebrahimi & Raman Nuclear

Fusion 2016]
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Magnetic helicity measures field linkage

Magnetic helicity, a topological property, measures the
knottedness and the twistedness of magnetic fields

K =
∫

A · BdV = 2 φ φ

Bdv1 = B · n̂ds1dl1 = Φ1dl1

K1 =
∫

A · Bdvl
=Φ1

∫
A · dl1 = Φ1Φ2

Two interlinked flux tubes −→

l

l

2

1
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Conservation of helicity for each flux tube in an ideal plasma

The time-derivative of the vector potential A and magnetic field
B, given by Maxwell’s equations

∂A/∂t = −E−∇φ

∂B/∂t = −∇× E,

using E = −V× B

dK
dt

=

∫
(A · V− φ)B.dS

On surface of flux tube B · dS = 0 ==> dK
dt = 0

First obtained by Woltjer (1958)
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Many fundamentals of reconnection physics can be explored
during helicity injection
Solar flares field lines modeling Helicity injection in a lab

∂K
∂t

= −2
∫

(A.V)B · ds

∂K
∂t

= −2
∫

ΦB · ds

Helicity is injected through a
surface term.Kusano 2004

Warnecke & Brandenburg 2010
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Transient Coaxial Helicity Injection (CHI), the primary candidate
for solenoid- free current start-up in spherical tokamaks
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A rare classical example of 2-D plasmoid formation in a
large-scale fusion plasma

During injection (Vinj on) During decay (Vinj =0)

	x	

x

		x	

(a)	 (b)	

Reconnec,on	sites	

3-D MHD simulation resultsFatima Ebrahimi Magnetic fields - dynamo and reconnection 32



Two types of current sheets are formed during flux
expansion/evolution

Jϕ	
   1- Edge current sheet
from the poloidal flux
compression near the
plasma edge, leads to
3-D filament structures

2- Primary reconnecting
current sheet from the
oppositely directed field
lines in the injector region
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Spontaneous plasmoid reconnection

	
  	
  	
  	
  Plasmoid	
  

At high S, a transition to a
plasmoid instability is
demonstrated in the simulations.

Both small sized transient plasmoids
and large system-size plasmoids are
formed and co-exist. (S=39000)

Plasmoids merge to form closed flux surfaces. Reconnection
rate becomes nearly independent of S.

Fatima Ebrahimi Magnetic fields - dynamo and reconnection 34



At high S, a transition to a plasmoid instability occurs

Number of plasmoids is an
increasing function of S. Blue:
small sized transient
plasmoids Red: large scale
and persistent plasmoids

As the current sheet evolves
in time, static linear theory
doesn’t apply [L. Comisso et al. PoP

2016]

Reconnection rate becomes
nearly independent of S.
[Here with strong guide
field]

F. Ebrahimi & R.Raman PRL 2015
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Dynamo-driven plasmoids formation

I 3D effects

I Could large-scale dynamo from 3-D fluctuations
trigger reconnecting plasmoids?

I Self-consistent trigger mechanism in 3-D?
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2-D vs 3-D in tokamaks

2-D (n=0) modes

A rare, classical example of 2-D
plasmoid formation during CHI
near the injection region (with the
resonant surface k · B = 0 at the
null surface of the poloidal
equilibrium field)

3-D (n6=0)

B = Bθθ̂ + Bφφ̂
Resonant surfaces where
k · B = mBθ/r − nBφ/R = 0
q = rBφ/RBθ = m/n
Finite (high) q & n in the edge

Edge current sheets/layers are dynamical not static
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Edge current-sheet instabilities are triggered in 3-D, and break
the current-sheet

Jϕ	
  

Plasmoids	
  

1 I- Edge-localized modes
arising from the asymmetric
current-sheet instabilities

2 II- With 3-D fluctuations,
axisymmetric plasmoids are
formed, local S increased to
S ∼ 15000.
[Ebrahimi PoP Letters 2016]
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Edge modes grow on the poloidal Alfven time scales

1 These modes grow fast, on
the poloidal Alfven time
scales, and are peeling
modes with
tearing-parity structures.

2 These modes saturate by
modifying and relaxing the
edge current sheet
γτA(n=1) = 0.16,
γτA(n=2) = 0.18,
γτA(n=3) = 0.2,
γτA(n=4) = 0.23,
γτA(n=5) = 0.26.
S = 2× 105
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Poloidal flux amplification is observed to trigger axisymmetric
reconnecting plasmoids formation

Bz [T ]

A dynamo poloidal flux
amplification is observed

This fluctuation-induced
flux amplification
increases the local S
==>
triggers a plasmoid
instability
==> breaks the primary
current sheet.
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[Lin et al. 2005; Reily et al. 2007]

Guo et al. APJL (2013)

Jϕ	
  

Plasmoids	
  

Ebrahimi&Raman PRL 2015, PoP 2016
Other lab observation Jara-Almonte et al.

2016
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