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How do we describe plasmas in the universe?

When was the universe magnetized?

What does the field look like?

Is it ever laminar?



Diffuse Plasmas in Universe

D Stork
Hydra Galaxy Cluster



Cluster MHD Turbulence  

Turbulence scale is around here

TURBULENCE
Coma cluster

[Schuecker et al. 2004, A&A 426, 387]

MAGNETIC FIELDS
Hydra A Cluster

[Vogt & Enßlin 2005, A&A 434, 67]

•Magnetic Reynolds #, Rm ~ 1029.



forcing

1/L
102 kpc

kn ~ Re3/4/L
1…10 kpc

1/lmfp

0.1 kpc

Viscous Turnover time
1/g0 ~ Re–1/2L/U

~ 107…108 yr

Kinetic energy

k-5/3

kωpe/c
10 km

[Schekochihin et al., ApJ 612, 276 (2004)]

Turnover time
L/U ~ 109 yr

ne ~ 10-2 cm-3

T~ 100-1000 eV

Collisionless
skin depth



What kind of distribution function?
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Normal criterion for using expansion:

Fokker-Planck Equation:

f(r,v, t) = f0(r,v, t) + ✏f1(r,v, t)....

✏ =
�mfp

L
⌧ 1

@ ln f

@t
⌧ ⌫

O(✏⌫f)
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O(⌫f)
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Collision rate/frequency

@f

@t
+ v · @f

@x
+

q

m
(E+ v ⇥B) · @f

@v
=

df

dt
= C(f, f)
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Fluid Equations – the Chapman-Enskog expansion



Fluid Equations – the Chapamn-Enskog expansion I

0’th order C(f0, f0) = 0

! f0 =

✓
n

⇡3/2v3th

◆
e
�( (v�V)2

v2
th

)

n = n(r, t) vth =

✓
2T (r, t)

m

◆1/2

V = V(r, t)

Boltzmann’s H theorem – this is the unique solution 

Fluid Density

Fluid Temperature

Fluid Velocity

How do these
Moments evolve?

Fluid Equations – the Chapamn-Enskog expansion I



1st order
df0
dt

= C(✏f1, f0) + C(f0, ✏f1))

In general

Compute moments to find heat flow (thermal conductivity), momentum flow

(viscosity), resistivity etc..  FLUID EQUATIONS CLOSED

feq(v, t) =
n0

v3th⇡
3/2

e�x2

(1 + [a0(x) + a1(x)x · b1 + a2(x)x · b2 + a3(x)x ·M · x])

x =
v �V(r, t)

vth

f0 ✏f1

Finding explicit expressions for                                                                  is hard 

– it is usually done by expanding in Sonine (Laguerre) polynomials.
a0(x), a1(x), a2(x) and a4(x)
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Fluid Equations – the Chapman-Enskog expansion



Symmetric traceless
Rate of strain tensor

Notes on Derivation of Stability of Chapman-Enskog Solution in
Unmagnetised Plasma – when is a plasma a fluid?

S C Cowley

1 The Calculation

In these notes we calculate the Weibel like Instability of the Chapman-Enskog solution. We

show that instability occurs at collisionless scales even when the mean free path (�mfp) is

small compared to the scale on which the plasma varies (L) – i.e. ✏ = �mfp/L ⌧ 1. The usual

conditions that the Chapman-Enskog solution is valid are: ✏ ⌧ 1 and that the driving timescales

are longer than the collision time. The Chapman-Enskog solution to lowest (zeroth) order is a

local Maxwellian; the first order solution yields the O(✏) distortions of the distribution function.

At collionless scales the plasma is homogneous but the asymptotically small (O(✏)) distortions
of the distribution function can drive essentially thresholdless instabilities – i.e. instabilities

that can be driven by an infinitesimal distortion from the Maxwellian. Note however that the

presence of collisionless instabilities invalidates the Chapman-Enskog expansion – presumably

the instabilities will scatter particles and change the first order solution (not the Maxwellian).

How they do this is really beyond the scope of this study – but in Section (2) we sketch a

possible theory. We will focus on electron instabilities. A complete study of the stability of

Chapman-Enskog solutions (ion scale, magnetized, unmagnetized) should be done – its doable.

1.1 Chapman - Enskog Electron Distribution Function.

The usual CE expansion yields ([1]) to first order the electron distribution function in the rest

frame (Ve = 0) of the electrons:

feq(v, t) =
n0

v3th⇡
3/2

e�x2
(1 + [a0(x) + a1(x)x · b1 + a2(x)x · b2 + a3(x)x ·M · x]) (1)

where x = v/vth, and in an unmagnetized plasma where ⇢e � �mfp:

b1 = (x2
�

5

2
)r lnTe

b2 =
Re

pe
+

me⌫eiu

Te

M = W = rVe + (rVe)
T
�

2

3
(r ·Ve)I. (2)

the definitions ofRe, u etc. are given in Helander and the functions a0(x) ⇠ O(✏), a1(x), a2(x) ⇠

1
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show that instability occurs at collisionless scales even when the mean free path (�mfp) is
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the instabilities will scatter particles and change the first order solution (not the Maxwellian).

How they do this is really beyond the scope of this study – but in Section (2) we sketch a

possible theory. We will focus on electron instabilities. A complete study of the stability of

Chapman-Enskog solutions (ion scale, magnetized, unmagnetized) should be done – its doable.

1.1 Chapman - Enskog Electron Distribution Function.

The usual CE expansion yields ([1]) to first order the electron distribution function in the rest

frame (Ve = 0) of the electrons:

feq(v, t) =
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v3th⇡
3/2
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me⌫eiu

Te

M = W = rVe + (rVe)
T
�

2

3
(r ·Ve)I. (2)
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Unmagnetized electron Case



Fluid Equations – Braginskii 1958

Closure terms like q, P, Q come from f1

For example electron
heat flux

qe(r, t) =

Z
d3v

1

2
me(v �Ve)

2(v �Ve)fe1

= �3.2neTe

⌫eme
rTe
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SI Braginskii Reviews of Plasma Physics, Vol. 1. English translation 1965 



But, is the solution stable?  Well posed?

Obviously the fluid equations can describe instabilities (e.g. MHD instabilities).
This does not violate the assumptions behind Chapman-Enskog theory.

BUT: Is the distribution function: 

stable to fast growing instabilities at collisionless scales? 

f(r,v, t) = f0(r,v, t) + ✏f1(r,v, t)....

E = �Ee�t+ik·r, B = �Be�t+ik·r
<latexit sha1_base64="18VZ+OPRlmkcp9WWR4ZxU7ZFf/4="></latexit><latexit sha1_base64="18VZ+OPRlmkcp9WWR4ZxU7ZFf/4="></latexit><latexit sha1_base64="18VZ+OPRlmkcp9WWR4ZxU7ZFf/4="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="hsME1FnEcwUwd7ZlF/w7ypbiAYU="></latexit><latexit sha1_base64="hsME1FnEcwUwd7ZlF/w7ypbiAYU="></latexit><latexit sha1_base64="24J2Wo4IR726Gs7WhnyX7vfkAwE="></latexit><latexit sha1_base64="18VZ+OPRlmkcp9WWR4ZxU7ZFf/4="></latexit><latexit sha1_base64="18VZ+OPRlmkcp9WWR4ZxU7ZFf/4="></latexit><latexit sha1_base64="18VZ+OPRlmkcp9WWR4ZxU7ZFf/4="></latexit><latexit sha1_base64="18VZ+OPRlmkcp9WWR4ZxU7ZFf/4="></latexit><latexit sha1_base64="18VZ+OPRlmkcp9WWR4ZxU7ZFf/4="></latexit><latexit sha1_base64="18VZ+OPRlmkcp9WWR4ZxU7ZFf/4="></latexit>

If it is unstable at these scales then Chapman-
Enskog solution for f1 is incorrect “Ill-posed”

f(r,v, t) = f0(r,v, t) + ✏f1(r,v, t) + �f̄(v)e�t+ik·r
<latexit sha1_base64="3aFYz64qs5KlxN+wSUsJMTPon8c="></latexit><latexit sha1_base64="3aFYz64qs5KlxN+wSUsJMTPon8c="></latexit><latexit sha1_base64="3aFYz64qs5KlxN+wSUsJMTPon8c="></latexit><latexit sha1_base64="3aFYz64qs5KlxN+wSUsJMTPon8c="></latexit>



At these scales and timescales f0 and f1 are Homogeneous and stationary in time.
Obviously f0 is stable – it’s a Maxwellian – Landau damped modes.  

How big must epsilon be to drive instability?  Consider electrons at this point.

To make f1 terms compete we must have                              i.e. Electromagnetic 

Faraday gives                                      combining  

�E ⇠ ✏vth�B

�B =
�i

�
k⇥ �E � ⇠ ✏kvth

Form of Weibel instability
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Homogeneous Plasma nearly Maxwellian



r⇥ �B = µ0�J = �eµ0

Z
v�fd3v
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where we have treated �Ek ⇠ O(�0�1�E?) and Z(y) is the usual plasma dispersion function. In

the last line we have taken the limit �0
⌧ 1.

using results from appendix we obtain the dispersion eigenvalue problem:
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Dotting both sides of Eq. (7) with k̂ we obtain:
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Note that there are two normalized eigenvectors ê1 and ê2, with eigenvalues ⇤1 and ⇤2 where

ê1,2 are unit vectors perpendicular to k̂. Then from Eq. (7) and � = �0kvth with j = 1, 2
labelling the eigenvalue/eigenvector we obtain:
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i
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note êj ·M · êj = ⇤j.

We will assume A3B > 0. Now we show that the maximum growth rate takes place when k̂ is

an eigenvector of M. First note that since M is a symmetric traceless 3⇥ 3 matrix it has three

orthonormal eigenvectors û1, û2 and û3 with eigenvalues (respectively) �1, �2 and �3 where

�1 + �2 + �3 = 0. Let us order the eigenvalues thus �1 > �2 > �3. Note that the maximum or
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Electric field is perpendicular to k and satisfies
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A2B is similar

⇠ 1

⌫e

d =
c

!pe
= collisionless skin depth
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Dispersion Relation



Optimal direction is when k is in direction of maximum eigenvalue of M.minimum of û ·M · û (for all possible unit vectors û) is where �û ·M · û = 0 for all �û such
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Instability exists if it can be 
at collisionless scales: 

Cluster

3 Numbers for Clusters.

We take typical cluster numbers – d ⇠ 10
4m, �mfp ⇠ 3 ⇥ 10

18m and the large scale L0 ⇠

3⇥ 10
21m. Epsilon is dominated by the Kolmogorov scale so
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where M is the Mach number at the large scale. The ratio of collisional scales to collisionless

scales is:
�mfp

d
⇠ 3⇥ 10

14.

Clearly the criterion for instability, Eq. (15) is well satisfied. Roughly:

�sat ⇠ 0.5⇥ 10
12

and ⇢sat ⇠ 10
9m.
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A Integrals.

In this appendix we give a few more details of the derivation of the terms in the integral I
arising form the first order term in the Chapman-Enskog expansion – i.e. the terms in Eq. (1)
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A Integrals.

In this appendix we give a few more details of the derivation of the terms in the integral I
arising form the first order term in the Chapman-Enskog expansion – i.e. the terms in Eq. (1)

with coe�cients ao, a1, a2 and a3. We calculate only the terms tat appear at this order in I –

i.e. terms of order �E?. First the term arising from a1 and the electrostatic term:

I1 =

1

⇡3/2

Z 2⇡

0
d✓
Z 1

0
dx?x?e

�x2
?

Z 1

�1

dxk

xk � i�0 e
�x2

k�Ek


x(k̂ · b1)a1(x) + x(k̂ · x)(b1 · x)

1

x
(a01(x)� 2xa1(x))

�

⇠ �A1�Ek[b1 � (k̂ · b1)k̂] (18)

where:

A1 =
4

⇡1/2

Z 1

0
dxx2e�x2

a1(x) (19)

Clearly the a2 term contributes a similar term I2 ⇠ �A2�Ek[b2 � (k̂ · b2)k̂] with a coe�cient:

A2 =
4

⇡1/2

Z 1

0
dxx2e�x2

a2(x) (20)
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Criterion for Existance



forcing

1/L
102 kpc

kn ~ Re3/4/L
1…10 kpc

1/lmfp

0.1 kpc

Viscous Turnover time
1/g0 ~ Re–1/2L/U

~ 107…108 yr

Kinetic energy

k-5/3

kωpe/c
10 km

Turnover time
L/U ~ 109 yr

✏ ⇠ 10�3 � 10�2

�e ⇠ 10�17

�max ⇠ 0.2s�1

?

Weibel like

⇠ de
L

Unmagnetised



Increased scattering? Decrease the effective 
mean free path.

B

Electron trajectory

velocity from the magnetic field of the instabilities (which is much bigger than the scattering

due to the electric field) of order:

�v ⇠
ev�B

me
⌧ ⇠ ⌦c⌧v

where ⌧ is the correlation time and ⌦c ⇠
e�B
me

. We take the correlation time to be the time to

pass through one wavelength i.e. ⌧ ⇠ (kv)�1
. Due to this scattering electrons will di↵use in

velocity space with a di↵usion coe�cient:

DBv ⇠
�v2

⌧
⇠

⌦
2
cv

k

Thus the anomalous scattering rate is:

⌫anom ⇠
DBv

v2
⇠

⌦
2
c

kv

and the e↵ective collisional scattering that will determine the Chapman - Enskog f1 and a↵ect

the resonant denominator is:

⌫eff ⇠ ⌫c + ⌫anom

where ⌫c is the ordinary collion rate. As the magnetic field grows ⌫anom will grow. The

turbulence first becomes important in determining f1 when ⌫c ⇠ ⌫anom which gives

⇢crit =
vthe
⌦c

⇠ ✏�1/4
q
(d�m.f.p.)

so that in the many cases where d ⌧ �m.f.p. the fluctuating field has magnetized the plasma by

this point i.e. ⇢crit ⌧ �m.f.p.. The plasma � when the fluctuations become important is:

�crit ⇠

✓
⇢crit
d

◆2

⇠ ✏�1/2�m.f.p.

d

The growth will not stop at this point but the f1 will be decreased by the e↵ective collisionality

so we have a growth rate from Eq. (11) that is:

� = ⇡�1/2kvth{✏
⌫c
⌫eff

� k2d2} ⇠ ⇡�1/2kvth{✏
k⇢2

�mfp
� k2d2}. (16)

while growth continues and the wavelength of the most unstable mode increases – kmax ⇠
2✏⇢2

3d2�mfp
. Growth stops when the e↵ective mean free path k⇢2 becomes as small as the wavelength

– i.e. when:

kmax⇢ ⇠ 1 ! ⇢ ⇠ ✏�1/3
(
3

2
d2�mfp)

1/3. (17)

The beta at this point becomes:

�sat ⇠ ✏�2/3

 
�mfp

d

!2/3

note that �sat ⌧ �crit if ✏1/6 � (d/�mfp)
1/3

. At saturation

⇢sat ⇠ d

 
�mfp

d

!1/3

5

velocity from the magnetic field of the instabilities (which is much bigger than the scattering

due to the electric field) of order:

�v ⇠
ev�B

me
⌧ ⇠ ⌦c⌧v

where ⌧ is the correlation time and ⌦c ⇠
e�B
me

. We take the correlation time to be the time to

pass through one wavelength i.e. ⌧ ⇠ (kv)�1
. Due to this scattering electrons will di↵use in

velocity space with a di↵usion coe�cient:

DBv ⇠
�v2

⌧
⇠

⌦
2
cv

k

Thus the anomalous scattering rate is:

⌫anom ⇠
DBv

v2
⇠

⌦
2
c

kv

and the e↵ective collisional scattering that will determine the Chapman - Enskog f1 and a↵ect

the resonant denominator is:

⌫eff ⇠ ⌫c + ⌫anom

where ⌫c is the ordinary collion rate. As the magnetic field grows ⌫anom will grow. The

turbulence first becomes important in determining f1 when ⌫c ⇠ ⌫anom which gives

⇢crit =
vthe
⌦c

⇠ ✏�1/4
q
(d�m.f.p.)

so that in the many cases where d ⌧ �m.f.p. the fluctuating field has magnetized the plasma by

this point i.e. ⇢crit ⌧ �m.f.p.. The plasma � when the fluctuations become important is:

�crit ⇠

✓
⇢crit
d

◆2

⇠ ✏�1/2�m.f.p.

d

The growth will not stop at this point but the f1 will be decreased by the e↵ective collisionality

so we have a growth rate from Eq. (11) that is:

� = ⇡�1/2kvth{✏
⌫c
⌫eff

� k2d2} ⇠ ⇡�1/2kvth{✏
k⇢2

�mfp
� k2d2}. (16)

while growth continues and the wavelength of the most unstable mode increases – kmax ⇠
2✏⇢2

3d2�mfp
. Growth stops when the e↵ective mean free path k⇢2 becomes as small as the wavelength

– i.e. when:

kmax⇢ ⇠ 1 ! ⇢ ⇠ ✏�1/3
(
3

2
d2�mfp)

1/3. (17)

The beta at this point becomes:

�sat ⇠ ✏�2/3

 
�mfp

d

!2/3

note that �sat ⌧ �crit if ✏1/6 � (d/�mfp)
1/3

. At saturation

⇢sat ⇠ d
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Deflection in correlation time

Correlation time

Nonlinear Effect - Anomalous scattering

Spontaneous
Magnetization
From instability



Increased scattering? Decrease the effective 
mean free path.

∂B

Electron trajectory

Diffusion in velocity

velocity from the magnetic field of the instabilities (which is much bigger than the scattering

due to the electric field) of order:

�v ⇠
ev�B

me
⌧ ⇠ ⌦c⌧v

where ⌧ is the correlation time and ⌦c ⇠
e�B
me

. We take the correlation time to be the time to

pass through one wavelength i.e. ⌧ ⇠ (kv)�1
. Due to this scattering electrons will di↵use in

velocity space with a di↵usion coe�cient:

DBv ⇠
�v2

⌧
⇠

⌦
2
cv

k

Thus the anomalous scattering rate is:

⌫anom ⇠
DBv

v2
⇠

⌦
2
c

kv

and the e↵ective collisional scattering that will determine the Chapman - Enskog f1 and a↵ect

the resonant denominator is:

⌫eff ⇠ ⌫c + ⌫anom

where ⌫c is the ordinary collion rate. As the magnetic field grows ⌫anom will grow. The

turbulence first becomes important in determining f1 when ⌫c ⇠ ⌫anom which gives

⇢crit =
vthe
⌦c

⇠ ✏�1/4
q
(d�m.f.p.)

so that in the many cases where d ⌧ �m.f.p. the fluctuating field has magnetized the plasma by

this point i.e. ⇢crit ⌧ �m.f.p.. The plasma � when the fluctuations become important is:

�crit ⇠

✓
⇢crit
d

◆2

⇠ ✏�1/2�m.f.p.

d

The growth will not stop at this point but the f1 will be decreased by the e↵ective collisionality

so we have a growth rate from Eq. (11) that is:

� = ⇡�1/2kvth{✏
⌫c
⌫eff

� k2d2} ⇠ ⇡�1/2kvth{✏
k⇢2

�mfp
� k2d2}. (16)

while growth continues and the wavelength of the most unstable mode increases – kmax ⇠
2✏⇢2

3d2�mfp
. Growth stops when the e↵ective mean free path k⇢2 becomes as small as the wavelength

– i.e. when:

kmax⇢ ⇠ 1 ! ⇢ ⇠ ✏�1/3
(
3

2
d2�mfp)

1/3. (17)

The beta at this point becomes:

�sat ⇠ ✏�2/3

 
�mfp

d

!2/3

note that �sat ⌧ �crit if ✏1/6 � (d/�mfp)
1/3

. At saturation

⇢sat ⇠ d

 
�mfp

d
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Anomalous scattering rate

velocity from the magnetic field of the instabilities (which is much bigger than the scattering

due to the electric field) of order:

�v ⇠
ev�B

me
⌧ ⇠ ⌦c⌧v

where ⌧ is the correlation time and ⌦c ⇠
e�B
me

. We take the correlation time to be the time to

pass through one wavelength i.e. ⌧ ⇠ (kv)�1
. Due to this scattering electrons will di↵use in

velocity space with a di↵usion coe�cient:

DBv ⇠
�v2

⌧
⇠

⌦
2
cv

k

Thus the anomalous scattering rate is:

⌫anom ⇠
DBv

v2
⇠

⌦
2
c

kv

and the e↵ective collisional scattering that will determine the Chapman - Enskog f1 and a↵ect

the resonant denominator is:

⌫eff ⇠ ⌫c + ⌫anom

where ⌫c is the ordinary collion rate. As the magnetic field grows ⌫anom will grow. The

turbulence first becomes important in determining f1 when ⌫c ⇠ ⌫anom which gives

⇢crit =
vthe
⌦c

⇠ ✏�1/4
q
(d�m.f.p.)

so that in the many cases where d ⌧ �m.f.p. the fluctuating field has magnetized the plasma by

this point i.e. ⇢crit ⌧ �m.f.p.. The plasma � when the fluctuations become important is:

�crit ⇠

✓
⇢crit
d

◆2

⇠ ✏�1/2�m.f.p.

d

The growth will not stop at this point but the f1 will be decreased by the e↵ective collisionality

so we have a growth rate from Eq. (11) that is:

� = ⇡�1/2kvth{✏
⌫c
⌫eff

� k2d2} ⇠ ⇡�1/2kvth{✏
k⇢2

�mfp
� k2d2}. (16)

while growth continues and the wavelength of the most unstable mode increases – kmax ⇠
2✏⇢2

3d2�mfp
. Growth stops when the e↵ective mean free path k⇢2 becomes as small as the wavelength

– i.e. when:

kmax⇢ ⇠ 1 ! ⇢ ⇠ ✏�1/3
(
3

2
d2�mfp)

1/3. (17)

The beta at this point becomes:

�sat ⇠ ✏�2/3

 
�mfp

d

!2/3

note that �sat ⌧ �crit if ✏1/6 � (d/�mfp)
1/3

. At saturation
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velocity from the magnetic field of the instabilities (which is much bigger than the scattering

due to the electric field) of order:

�v ⇠
ev�B

me
⌧ ⇠ ⌦c⌧v

where ⌧ is the correlation time and ⌦c ⇠
e�B
me

. We take the correlation time to be the time to

pass through one wavelength i.e. ⌧ ⇠ (kv)�1
. Due to this scattering electrons will di↵use in

velocity space with a di↵usion coe�cient:

DBv ⇠
�v2

⌧
⇠

⌦
2
cv

k

Thus the anomalous scattering rate is:

⌫anom ⇠
DBv

v2
⇠

⌦
2
c

kv

and the e↵ective collisional scattering that will determine the Chapman - Enskog f1 and a↵ect

the resonant denominator is:

⌫eff ⇠ ⌫c + ⌫anom

where ⌫c is the ordinary collion rate. As the magnetic field grows ⌫anom will grow. The

turbulence first becomes important in determining f1 when ⌫c ⇠ ⌫anom which gives

⇢crit =
vthe
⌦c

⇠ ✏�1/4
q
(d�m.f.p.)

so that in the many cases where d ⌧ �m.f.p. the fluctuating field has magnetized the plasma by

this point i.e. ⇢crit ⌧ �m.f.p.. The plasma � when the fluctuations become important is:

�crit ⇠

✓
⇢crit
d

◆2

⇠ ✏�1/2�m.f.p.

d

The growth will not stop at this point but the f1 will be decreased by the e↵ective collisionality

so we have a growth rate from Eq. (11) that is:

� = ⇡�1/2kvth{✏
⌫c
⌫eff

� k2d2} ⇠ ⇡�1/2kvth{✏
k⇢2

�mfp
� k2d2}. (16)

while growth continues and the wavelength of the most unstable mode increases – kmax ⇠
2✏⇢2

3d2�mfp
. Growth stops when the e↵ective mean free path k⇢2 becomes as small as the wavelength

– i.e. when:

kmax⇢ ⇠ 1 ! ⇢ ⇠ ✏�1/3
(
3

2
d2�mfp)

1/3. (17)

The beta at this point becomes:
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note that �sat ⌧ �crit if ✏1/6 � (d/�mfp)
1/3
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Anomalous scattering. Estimates



Increased scattering? Decrease the effective 
mean free path.

∂B

Electron trajectory

velocity from the magnetic field of the instabilities (which is much bigger than the scattering

due to the electric field) of order:

�v ⇠
ev�B

me
⌧ ⇠ ⌦c⌧v

where ⌧ is the correlation time and ⌦c ⇠
e�B
me

. We take the correlation time to be the time to

pass through one wavelength i.e. ⌧ ⇠ (kv)�1
. Due to this scattering electrons will di↵use in

velocity space with a di↵usion coe�cient:

DBv ⇠
�v2

⌧
⇠

⌦
2
cv

k

Thus the anomalous scattering rate is:

⌫anom ⇠
DBv

v2
⇠

⌦
2
c

kv

and the e↵ective collisional scattering that will determine the Chapman - Enskog f1 and a↵ect

the resonant denominator is:

⌫eff ⇠ ⌫c + ⌫anom

where ⌫c is the ordinary collion rate. As the magnetic field grows ⌫anom will grow. The

turbulence first becomes important in determining f1 when ⌫c ⇠ ⌫anom which gives

⇢crit =
vthe
⌦c

⇠ ✏�1/4
q
(d�m.f.p.)

so that in the many cases where d ⌧ �m.f.p. the fluctuating field has magnetized the plasma by

this point i.e. ⇢crit ⌧ �m.f.p.. The plasma � when the fluctuations become important is:

�crit ⇠

✓
⇢crit
d

◆2

⇠ ✏�1/2�m.f.p.

d

The growth will not stop at this point but the f1 will be decreased by the e↵ective collisionality

so we have a growth rate from Eq. (11) that is:

� = ⇡�1/2kvth{✏
⌫c
⌫eff

� k2d2} ⇠ ⇡�1/2kvth{✏
k⇢2

�mfp
� k2d2}. (16)

while growth continues and the wavelength of the most unstable mode increases – kmax ⇠
2✏⇢2

3d2�mfp
. Growth stops when the e↵ective mean free path k⇢2 becomes as small as the wavelength

– i.e. when:

kmax⇢ ⇠ 1 ! ⇢ ⇠ ✏�1/3
(
3

2
d2�mfp)

1/3. (17)

The beta at this point becomes:
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1/3

. At saturation
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Beginning of nonlinear behaviour

velocity from the magnetic field of the instabilities (which is much bigger than the scattering

due to the electric field) of order:

�v ⇠
ev�B

me
⌧ ⇠ ⌦c⌧v

where ⌧ is the correlation time and ⌦c ⇠
e�B
me

. We take the correlation time to be the time to

pass through one wavelength i.e. ⌧ ⇠ (kv)�1
. Due to this scattering electrons will di↵use in

velocity space with a di↵usion coe�cient:

DBv ⇠
�v2

⌧
⇠

⌦
2
cv

k

Thus the anomalous scattering rate is:

⌫anom ⇠
DBv

v2
⇠

⌦
2
c

kv

and the e↵ective collisional scattering that will determine the Chapman - Enskog f1 and a↵ect

the resonant denominator is:

⌫eff ⇠ ⌫c + ⌫anom

where ⌫c is the ordinary collion rate. As the magnetic field grows ⌫anom will grow. The

turbulence first becomes important in determining f1 when ⌫c ⇠ ⌫anom which gives

⇢crit =
vthe
⌦c

⇠ ✏�1/4
q
(d�m.f.p.)

so that in the many cases where d ⌧ �m.f.p. the fluctuating field has magnetized the plasma by

this point i.e. ⇢crit ⌧ �m.f.p.. The plasma � when the fluctuations become important is:

�crit ⇠
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⇢crit
d

◆2

⇠ ✏�1/2�m.f.p.

d

The growth will not stop at this point but the f1 will be decreased by the e↵ective collisionality

so we have a growth rate from Eq. (11) that is:

� = ⇡�1/2kvth{✏
⌫c
⌫eff

� k2d2} ⇠ ⇡�1/2kvth{✏
k⇢2

�mfp
� k2d2}. (16)

while growth continues and the wavelength of the most unstable mode increases – kmax ⇠
2✏⇢2

3d2�mfp
. Growth stops when the e↵ective mean free path k⇢2 becomes as small as the wavelength

– i.e. when:

kmax⇢ ⇠ 1 ! ⇢ ⇠ ✏�1/3
(
3

2
d2�mfp)

1/3. (17)

The beta at this point becomes:
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f1 ! f1
⌫c

⌫anom
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Nonlinearity



Increased scattering? Decrease the effective 
mean free path.

B

Electron trajectory

velocity from the magnetic field of the instabilities (which is much bigger than the scattering

due to the electric field) of order:
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where ⌧ is the correlation time and ⌦c ⇠
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. We take the correlation time to be the time to

pass through one wavelength i.e. ⌧ ⇠ (kv)�1
. Due to this scattering electrons will di↵use in
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Thus the anomalous scattering rate is:
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and the e↵ective collisional scattering that will determine the Chapman - Enskog f1 and a↵ect

the resonant denominator is:

⌫eff ⇠ ⌫c + ⌫anom

where ⌫c is the ordinary collion rate. As the magnetic field grows ⌫anom will grow. The

turbulence first becomes important in determining f1 when ⌫c ⇠ ⌫anom which gives

⇢crit =
vthe
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⇠ ✏�1/4
q
(d�m.f.p.)

so that in the many cases where d ⌧ �m.f.p. the fluctuating field has magnetized the plasma by

this point i.e. ⇢crit ⌧ �m.f.p.. The plasma � when the fluctuations become important is:
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The growth will not stop at this point but the f1 will be decreased by the e↵ective collisionality

so we have a growth rate from Eq. (11) that is:
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while growth continues and the wavelength of the most unstable mode increases – kmax ⇠
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. Growth stops when the e↵ective mean free path k⇢2 becomes as small as the wavelength
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When ⌫anom � ⌫c

Saturation when 
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⌫eff ⇠ ⌫c + ⌫anom

where ⌫c is the ordinary collion rate. As the magnetic field grows ⌫anom will grow. The

turbulence first becomes important in determining f1 when ⌫c ⇠ ⌫anom which gives
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The growth will not stop at this point but the f1 will be decreased by the e↵ective collisionality
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. Growth stops when the e↵ective mean free path k⇢2 becomes as small as the wavelength

– i.e. when:
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velocity from the magnetic field of the instabilities (which is much bigger than the scattering

due to the electric field) of order:
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ev�B

me
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where ⌧ is the correlation time and ⌦c ⇠
e�B
me

. We take the correlation time to be the time to

pass through one wavelength i.e. ⌧ ⇠ (kv)�1
. Due to this scattering electrons will di↵use in
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Thus the anomalous scattering rate is:
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and the e↵ective collisional scattering that will determine the Chapman - Enskog f1 and a↵ect

the resonant denominator is:

⌫eff ⇠ ⌫c + ⌫anom

where ⌫c is the ordinary collion rate. As the magnetic field grows ⌫anom will grow. The
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so that in the many cases where d ⌧ �m.f.p. the fluctuating field has magnetized the plasma by
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The growth will not stop at this point but the f1 will be decreased by the e↵ective collisionality
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Modified growth rate

Nonlinearity



B

Electron trajectory

Effective mean free path in saturation

velocity from the magnetic field of the instabilities (which is much bigger than the scattering

due to the electric field) of order:
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where ⌧ is the correlation time and ⌦c ⇠
e�B
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. We take the correlation time to be the time to

pass through one wavelength i.e. ⌧ ⇠ (kv)�1
. Due to this scattering electrons will di↵use in

velocity space with a di↵usion coe�cient:
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and the e↵ective collisional scattering that will determine the Chapman - Enskog f1 and a↵ect

the resonant denominator is:

⌫eff ⇠ ⌫c + ⌫anom

where ⌫c is the ordinary collion rate. As the magnetic field grows ⌫anom will grow. The

turbulence first becomes important in determining f1 when ⌫c ⇠ ⌫anom which gives
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so that in the many cases where d ⌧ �m.f.p. the fluctuating field has magnetized the plasma by

this point i.e. ⇢crit ⌧ �m.f.p.. The plasma � when the fluctuations become important is:
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The growth will not stop at this point but the f1 will be decreased by the e↵ective collisionality

so we have a growth rate from Eq. (11) that is:
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while growth continues and the wavelength of the most unstable mode increases – kmax ⇠
2✏⇢2

3d2�mfp
. Growth stops when the e↵ective mean free path k⇢2 becomes as small as the wavelength

– i.e. when:
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The beta at this point becomes:
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Thermal conductivity

0 ⇠ �mfpvthSpitzer conductivity

e ⇠ ⇢vth ⇠ ✏�1/3

✓
d

�mfp

◆2/3

0 ⇠ 10�100

cluster

Resistance?

Saturation



Field keeps on Growing
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forcing

1/L kn 1/lmfp

Turnover time
1/g0 ~ Re–1/2L/U

~ 107…108 yr

Magnetic
energy

Kinetic energy

k-5/3

kkh

ln

SSD

Stretching and Amplifying the Field by the turbulence



What to do about the small scale stuff?  Simulation 

St-Onge and Kunz
Collisionless dynamo simulation

Not enough resolution to do electron
Weibel scales



Mean field theories? Effective transport?  

Compute these effective transport coefficients – very tough to do 
because epsilon must be small.  This would be a tough thesis.

Thank You

q(r, t) = q(rn,rT,W,B, T, n...)

⇧(r, t) = ⇧(rn,rT,W,B, T, n...)

�(r, t) = �(rn,rT,W,B, T, n...)

What to do about the small scale stuff?  Speculation 


